Abstract. An explicit Dirichlet series is obtained, which represents an analytic function of s in the half-plane s > 1/2 except for having simple poles at points s j that correspond to exceptional eigenvalues λ j of the nonEuclidean Laplacian for Hecke congruence subgroups Γ 0 (N ) by the relation
Introduction
Let N be a positive integer. Let D be the fundamental domain of Γ 0 (N ). Eigenfunctions of the discrete spectrum of ∆ are nonzero real-analytic solutions of the equation ∆ψ = λψ such that ψ(γz) = ψ(z) for all γ in Γ 0 (N ) and such that ψ is square integrable on D with respect to the Poincaré measure dz of the upper half-plane.
The Hecke operators T n , n = 1, 2, · · · , (n, N ) = 1, which act in the space of automorphic functions with respect to Γ 0 (N ), are defined by
It is well-known (see Iwaniec [3] ) that there exists a maximal orthonormal system of eigenfunctions of ∆ such that each of them is an eigenfunction of all the Hecke operators. Let λ j , j = 1, 2, · · · , be an enumeration in increasing order of all positive discrete eigenvalues of ∆ for Γ 0 (N ) with an eigenvalue of multiplicity m appearing Let Ω be the set of all the positive integers d such that d ≡ 0 or 1 (mod 4) and such that d is not a square of an integer. In this paper, we indicate an elementary approach towards the Selberg eigenvalue conjecture. Namely, we prove the following theorem. 
Theorem 1. Let
L(s) = k|N d∈Ω, k|u d p 2l |(d,N/k) p l p|N/k (1 + ( d p )) h dk 2 ln dk 2 (du 2 d ) s − d∈Ω h d ln d (du 2 d ) s where (v d , u d ) ism j = 2 Res s=s j L(s) for j = 1, 2, · · · , S.
Corollary 2. If N is square free, then the series
represents an analytic function of s in the half-plane s > 1/2 except for having simple poles at
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ON EXCEPTIONAL EIGENVALUES OF THE LAPLACIAN FOR Γ
0 (N ) 1947
Proofs of Theorem 1 and Corollary 2
We denote by h d the class number of indefinite rational quadratic forms with discriminant d. Let
where the pair (v 0 , u 0 ) is the smallest positive solution of Pell's equation
Proof. The stated identity follows from Dirichlet's class number formula (see, §100 of Dirichlet [2] )
and the identity
Lemma 2.2. Let d and d 1 be integers in Ω, and let
Proof. If (v 1 , u 1 ) is the smallest positive solution of Pell's equation
Let (v 0 , u 0 ) be the smallest positive solution of Pell's equation
By §85 of Dirichlet [2] , all positive solutions (v, u) of (2.2) are given by the formula lu 1 ) is a positive solution of (2.2), there exists a positive integer ν l such that 
Lemma 2.3. Let N be any positive integer, and let
Proof. Let
for s > 1/2. Then the lemma follows from Theorem 4.3, the proof of Lemma 5.3, the proof of Theorem 1 in Li [7] , and the Selberg trace formula
for s > 1 where f (s) is a certain analytic function of s in the half-plane s ≥ 1/2 except for a possible pole at s = 1/2 (see (4.4) of Li [7] ).
Remark 2.4. Siegel [11] proved that Proof. By Lemma 2.3, the function
has analytic continuation to the half-plane s > 1/2 except for having simple poles at s = 1 and s j = Let (v k , u k ) be the smallest positive solution of (2.5). By §85 of Dirichlet [2] , all positive solutions (v, u) of (2.5) are given by the formula
Let σ = s > 1/2, and let τ (n) be the number of positive divisors of an integer n. By (2.6) and (2.3), we have
Note that τ (n) n as n → ∞. Since, for a fixed positive integer v, there are at
represents an analytic function of s in the half-plane s > 1/2. It follows from (2.4) that the function (2.7)
has analytic continuation to the half-plane s > 1/2 except for having simple poles at s = 1 and s j = Proof of Theorem 1. It is proved in [6] that the series
represents an analytic function of s in the half-plane s > 1/2 except for having a simple poles at s = 1. By (2.3), (3.4), (3.5), Lemma 3.5, Lemma 4.1, and Lemma 4.2 of [6] , we have that
is analytic in the half-plane
for some positive integer ν ≥ 2. Similarly as in (2.9), we can obtain that 
It follows that
d∈Ω h d ln d d s u =u d v 2 −du 2 =4 1 u 2s ≤ 9 d∈Ω h d ln d 4σ d ≤ 2 4σ 9 d∈Ω d 1/2+ −2σ u −4σ d < ∞
